Abstract. Spacetimes that include a boundary at infinity have a non-trivial topology. The homology of the background influences gauge fields living on them and lead to topological charges. We investigate the charges and fluxes of fields over a Taub-NUT background in Einstein-Maxwell dilaton-axion gravity, by using the relative homology and de Rham cohomology. It turns out that the electromagnetic sector is devoid of restrictions from a topological viewpoint. There are, however, flux quanta for the axion and dilaton fields. These results are obtained from the absolute homology of the spacetime boundary. The solutions we probe originate in the four dimensional low energy limit of heterotic string theory. So our results are complemented by the stringy coupling present in the fields. This consideration gives rise to an S-duality invariant Dirac-like quantization condition for the Maxwell sector.
Introduction
Topological structures are responsible for a variety of theorized and observed quantum phenomena. In superconductors, for instance, magnetic flux quantization is a topological feature [1] . SQUID magnetometers are used to measure the flux of superconducting rings. This results in a magnetic flux that can only take integer multiples of h/2e. More precisely, the number of flux quanta is related to the winding number of a condensate wave function.
In certain quantum, or even semi-classical, theories, topological quantization of the type described above is closely related to wave functions and their behavior. A close example is string theory, where topological structures and compactification lead to quantized momenta and charge from winding numbers of strings [2] . In gravity theories, this has not be done, as of yet.
On the other hand, Kaluza-Klein compactification explores the idea that four dimensional observers could live in higher dimensions, but that extra dimensions are directly inaccessible. Let M = R 4 × S 1 be a five-dimensional space with a compact direction along a circle. Einstein gravity in M is perceived as Einstein-Maxwell dilaton gravity by observers in R 4 . Massless fermions on M are seen as massive, charged fermions in the four dimensional viewpoint. Moreover, the electric charge becomes quantized as an effect of the winding of a field along the circular dimension [3] .
String theory has generalized this approach as physical strings are supposed to exist in spacetime dimensions higher than four. Moreover, an important distinction arises, namely, the presence of fields produced by "electrically" charged strings. Just as pointlike particles generate Abelian one-form gauge potentials, so strings generate Abelian two-form potentials. Therefore, the field strength symmetry is
Having an exact solution for the full classical action of string theory is the best of the scenarios; however, this is not possible yet. The next to best case is having an exact solution to the low energy classical action. But starting from a four dimensional low energy string solution does not allow for a quantization following from a compactification scenario, as mentioned above. Nevertheless, topological methods have been formulated to study Abelian fields over general spacetimes [4] . Motivated by understanding topological quantum numbers in gravitation, in this work we study the field fluxes of the bosonic part of a truncation four dimensional low energy heterotic string theory and the homology of the spacetime on which they gravitate. This truncated effective low energy string action can be rewritten as an Einstein-Maxwell dilaton-axion theory. However, the stringy context from where they originate leaves a special coupling between the fields. A particular family of solutions to which our discussion applies is that of Taub-NUT-like backgrounds [5] [6] [7] . These solutions were independently discovered in [8] and [9] . The methods we will consider in this work apply to any theory where gauge fields self-gravitate; notwithstanding, we report on physical interpretations that only follow from the stringy coupling.
Spacetimes that include a boundary allow for higher-order Abelian gauge field charges. The role the boundary plays is that of a place for the electric lines of force to land on. This framework was originally developed for brane sources which are electrically charged. The distinction between charges and fluxes is emphasized, as they relate to cycles of different homological type. By using the magnetic flux conditions of extended objects [10] , a Dirac quantization condition is proved for branes of electric type of arbitrary order, living in spacetimes of any dimension [4] . This Dirac condition relates the charge created by an electric current and the magnetic flux created by the field.
In the following sections, we apply our methods to study a purely bosonic background. No branes are considered, i.e., the action is absent of current-potential terms. A configuration without sources does not allow for a Dirac quantization condition as charges of any type are not present. Instead, we accommodate the equations of motion so that they parallel Maxwell's equations. This is done of course for the U(1) field and the stringy H field, but also for the scalar, dilaton field. There is a standard way to assign a "charge" to the dilaton. An integral prescription mimicking electric flux reproduces this parameter. The equations of motion for the dilaton consistently fit the Maxwell markup. We find four conserved fluxes from the entire field content. Half of which lead to nontrivial topological results. The stringy coupling of the equations of motion lead to some ironic physical interpretations. We go on to examine these results on related solutions such as the one obtained from S-dualizing.
Charges and Fluxes
In this section, we introduce the concepts of charge and flux that apply to differential forms of any degree, representing field strengths and currents. We are interested in describing fluxes which resemble those of Maxwell theory. Maxwell's equations are statements about a differential two-form F , which represents the field strength. The gauge symmetry of these fields can be encoded in U(1)-bundles, and the study of their topological invariants has lead to many interesting physical effects. In string theory, similar fields arise which are also Abelian in nature, i.e.,
however, they do not lead immediately to a fiber bundle structure. Since the U(1) structure can be restated in terms of spacetime cohomology, a similar approach can be performed for field strengths of higher rank. This is the main idea of our method for which we will follow the concepts presented in [4] . Therein, the distinction is stressed between charges and fluxes as they are classified by distinct homological structures of spacetime. Charges are produced by currents and fluxes are produced by fields. Of course, both are related but we will remark their differences in the following analysis. This work focuses on a dilatonic Taub-NUT space [8] that arises from a truncation of four dimensional low-energy effective heterotic string theory. The solution has a scalar dilaton field, an electromagnetic field, and a Kalb-Ramond-like field. These fields can be represented by differential forms of degree one, two and three, respectively. The formalism postulated in [4] was originally intended for fields of degree at least two and electric currents. We will see that the method appropriately applies to field strengths of degree one too. Since currents are physically absent we focus only on fluxes. The equations of motion are more complicated than in the case of Maxwell's theory, because of string theory intricacies, but they allow for an appropriate interpretation for these topological methods to hold.
To distinguish charges from fluxes, let us first consider the action
defined over a spacetime M. This action together with F = dA yield
which are Maxwell's equations in the presence of a dilaton field φ. We can immediately conclude that ⋆j is a conserved current. However, physical currents are also localized. So we have both
The charge on a (hyper)surface S ∈ M is defined by
for ∂S ∈ ∂M. If we now consider C ∈ M and β ∈ ∂M, then conditions (5a-5b) imply
where we have used Stoke's theorem. We conclude that the electric charge is an invariant of the relative homology of spacetime modulo its boundary.
As is well-known, the nontrivial geometry of spacetime in electrovacuum can lead to solutions without current, but with a nontrivial field strength. This is an indication of the existence of a field flux without charge. Electric flux is a simpler object than electric charge; it is defined only through the field without reference to currents, i.e.,
which is is an invariant of the absolute homology of the spacetime boundary. Likewise, magnetic flux is linked to the absolute homology of spacetime itself according to the definition
where ∂b = 0. Of course, charges do lead to fluxes as can be concluded from (4b), i.e.,
whenever φ| ∂M = 0. In (10) we used Stokes' theorem just as we did in relation (7). Once more we emphasize that we are interested here only in electric and magnetic type fluxes. Currents will be absent and hence charges are null. Finally, we mention that the equations of motion that interest us intermingle the fields, but they can be written in a way closely following Maxwell's equations (4a-4b). The role of the currents are effectively played by the field content that behaves as in (5a)-(5b).
NUT Spaces from String Theory
We write the truncated four dimensional low energy effective heterotic string action as
in the Einstein frame. ‡ Here the two-form F represents a U(1) field strength and H is a three-form. These field strengths comply with
Notice how the Maxwell sector contributes to the H field through a Chern-Simons term. The variation of the action (11) yields the Einstein field equations
the dilaton field equation
which is written in this way for later convenience, and the Maxwell equations
while the H field obeys
A particular solution to these equations was found in [8] with the line element
‡ As opposed to the string frame that arises naturally in string theory.
where dΩ 2 stands for the round metric on the unit two-sphere coordinated by (θ, ϕ). The metric functions f 1 (r) and f 2 (r) are given by
The parameters m, l and x are related to the ADM mass M and the NUT parameter N of the background through
where k is the time-like Killing one-form of the background. The rest of the solution is given by the fields
This solution is generated by boosting a Taub-NUT space with constant dilaton field. Let us recall that this is a trivial solution to the string motion; nonetheless, it can be used to generate new solutions. Indeed, as we sill see in section 5, new solutions are generated when considering the full symmetries of the motion equations.
Flux Quantization

The Maxwell Sector
The methods described in [4] apply to differential forms of distinct degrees such as those presented in (14)- (16) . We begin by applying those methods to the familiar Maxwell equations. First, let us notice that on the boundary ∂M we have both
meaning that the Maxwell field produces a magnetic flux as well as an electric one. Equations (12a) and (15) together with the solution above imply
So both electric and magnetic fluxes are conserved quantities. The magnetic flux per unit solid angle is 1 4π
which is, of course, the magnetic charge Q M defined in [8] , but written in an integral form for convenience. This procedure can be carried out for the electric counterpart yielding Q E = 2m √ x 2 − 1. These conserved fluxes suggest looking into the homologies H 2 (M) and H 4−2 (∂M). The spacetime topology is R × S 3 with boundaries at r = ±∞ which are three-spheres. Instead of considering a boundary S 3 ⊔ S 3 , we will only consider the one at r = ∞ for the sake of simplicity. There is no loss of generality by applying this procedure; in fact, this has been done already in (25) . Since H 2 (S 3 ) = 0, the topology does not hint at there being a quantized magnetic flux or that its associated magnetic charge Q M is topological. Additionally, (15) can be rewritten as
which is a magnetic type equation forF and is classified as well by H 2 (M). As both scalar fields vanish on the boundary, the magnetic type flux of F corresponds to the negative of the electric flux of F . These results stand out at first since most encounters with magnetic monopoles and the like result in some form of topological quantization. NUT spaces are exceptions to this criteria. The words "counterexample to almost anything" come to mind [11] .
The Dual Axion Field
Using (16), we can define the scalar field a by
which together with (12b) and (15) portray the motion as Maxwellian in the presence of an axion field. Similar to the definition of the "magnetic charge" Q M given above, we also define the axion "charge" Q A in terms of the H flux. Since the Hodge dual ⋆H vanishes at the boundary, then the H field only produces a magnetic type of flux. This means that the axion produces an electric type of flux only. From (16) we see that the solution under consideration yields
indicating the existence of an additional conserved flux.
As of yet, we have not discussed Maxwell's equations with magnetic type currents, so we simply rewrite the equations for H in an electric fashion
where we have taken the exterior derivative of (12b). Note once again that the ChernSimons term on the right-hand side acts effectively as a current, i.e., it satisfies (5a)-(5b). The relevant homology group is H 3 (∂M) = H 3 (S 3 ) = Z. So the associated axion charge Q A is quantized by the topology of the background. We may write
where β = 8πN = 4π(x + 1)l is the period of the time-like coordinate t. It is therefore clear that the flux may only take discrete values. Chern numbers have a standard normalization which leads to integer values when dealing with spheres. The stringy couplings of the solution, see (29) , suggest dividing by π 2 so that relation(30) resembles a Chern-Simons integral with standard normalization for U(1) fields. The actual ChernSimons term in H vanishes at the boundary, notwithstanding, the flux integral now takes the form
Therefore, the topological quantization of the axionic flux quite ironically leads to the quantization of the magnetic charge Q M . The square of the associated magnetic charge takes integer values but not necessarily the charge itself. This should be contrasted to situations where the Chern number represents a squared integer (see, e.g., [12] ).
A Dirac-like Condition
There is still one more field which is susceptible to our discussion. We will take dφ as the form representing the field strength of the dilaton. The field will lead to a flux which is purely electric as the dilaton φ vanishes on the boundary. Once again we see [from (14) ] that our solution of interest has a conserved flux d (⋆dφ| ∂M ) = 0, (32a)
where Q D is the associated dilaton charge. Similarities between the dilaton and axion as well as (31) and (14) point to dividing by π 2 . Doing so reveals another unexpected quatization condition
This relation very closely resembles a Dirac quantization condition. The subtle difference is that here the condition is between two bosonic fluxes on the background. The Dirac quantization condition was written for the first time as a magnetic gauge potential (boson) affecting an electric current (fermion) [13] . The gauge potential going into Maxwell equations and affecting an electron is an eigenstate obeying the Schrödinger equation. In a gravitational background there is no need for a fundamental monopole particle that changes the Maxwell equations. The self-gravitating Maxwell field and the topology of spacetime may produce the desired effect. This background field affects electric currents moving on it. This flux-charge relation was also considered in [4] . However, up until now we have only treated a bosonic background with no fermions. Fairly related is the Kaluza-Klein monopole [14] where a NUT parameter, -a.k.a. magnetic mass (see, e.g. (19b)) -leads to a magnetic monopole. There, the Dirac quantization holds for the integer equal to unity. The relevance is that there the effective four dimensional model results from a dimensional compactification and all fluxes arise from it as well-as the name suggests. The Dirac relation is again between the effective bosonic magnetic flux and the effective electrically charged fermion.
The SL(2, R) Symmetry in the Motion
The solution described in the previous sections can serve as a seed to generated new solutions. The generating technique is based on the SL(2, R) symmetry that characterize the string equations of motion in four dimensions. The symmetry group is generated by S duality and T duality transformations that we describe below. In this context, it is convenient to define the complex scalar λ and complex two-forms F ± by
Transformations of type T shift λ by a real constant y,
leaving F + and F − fixed. Transformations of type S are more complicated but are presented concisely as
where λ * is the complex conjugate of λ. The S-transform of the solution(17, 20-22) corresponds to a stringy electromagnetic dual, where the electric and magnetic fluxes are interchanged in the usual manner. The background geometry is invariant and the S-dual fields are given bŷ
Although the fields themselves are modified, the fluxes they produce remain quite similar, i.e., the axionic and dilatonic fluxes only change by a sign and the electric/magnetic duality is present in the U(1) fluxes. The changes in the fluxes can be symbolically summarized aŝ
which, in particular, allows for the S-dual version of (33)
This means that the physical interpretation of the dilaton's flux, as a Dirac-like quantization condition, is also valid for the new solution. This is consistent with S duality being a stringy electromagnetic duality. Furthermore, a one-parameter family of solutions can be generated applying S and T transformations [15] , maintaining as before the geometry unaffected. The fields now depend on a parameter y such that y = ∞ yields the original solution (20)- (22) and y = 0 gives its S-dual. These solutions are given bỹ
where we have defined
These solutions correspond to an interpolation between the extreme values y = 0 and y = ∞. A trigonometric reparametrization of y = tanΘ allows us to writẽ
for the electric and magnetic fluxes of the interpolation solutions. A similar pair of equations follows for the fluxes of the dilaton and axion scalar fields
So for all values of Θ, the quantityQ
M is preserved, which is expected of a dyonic sector. The dilaton-axion sector follows this behavior as well, signaling the term "triply dyonic" for these solutions; recall that the gravity sector is dyonic because of the NUT charge.
Turning off the NUT parameter (l = 0) leaves the renowned family of dilaton black holes studied in [16] [17] [18] . In general, all four fields remain nontrivial and there are still four conserved fluxes. The natural topology has now changed to what is expected for a black hole. The homology of the boundary S 1 × S 2 , however, remains non-trivial. Moreover, the geometry has now gained nonretractable two-cycles, which means that there are now topological U(1) fluxes whose quanta correspond to winding numbers. We will redefine the dilatonic flux (per unit solid angle) in the following manner
and the flux generated by the axion is redefined in a similar fashion. The entire flux content of the black hole is consistent with (47)-(48) if Q M = 0 = Q A which, of course, follows from the condition that l = 0. Notice that the solutions at Θ = 0, π/2 lack flux from the axion and the U(1) flux is either electric or magnetic. For these solutions, the absence of a dyonic background implies absence of dyonic fluxes. In other words, they are either triply dyonic or not at all. Taub-NUT-like spacetimes are characterized by being dyonic, but also for having closed timelike curves. Notwithstanding, their inner horizon region is causal and is Gowdy S 3 symmetric [19] [20] [21] . This is comparable to how the inner horizon Schwarzschild spacetime is equivalent to a Kantowski-Sachs spacetime [22] or, more generally, to how the inner horizon region of the Kerr black hole corresponds to an unpolarized Gowdy S 1 × S 2 spacetime [23] . When the inner region of the Kerr black hole is made Gowdy symmetric, then necessarily the exterior has closed timelike curves. However, they are not dyonic. The Einstein-Maxwell dilaton-axion black holes we have described can be endowed with periodic time so as to resemble their Taub-NUT counterparts, yet the relation(33) cannot be recovered. We thus conclude that it is a dyonic phenomenon.
Discussion
We have shown how scalar fields may be incorporated into a Maxwell-like treatment of higher order Abelian fields, by considering their exterior derivatives as field strengths. As an application we have studied dilaton-axion fields in a truncated four dimensional low energy effective heterotic string theory, particularly, on dyonic backgrounds. Our methods apply to a class of Taub-NUT-like spacetimes with dyonic behavior in the Maxwell and scalar sectors. We find that by the nature of the axion field and how it relates to the Abelian fields, the notions of electric or magnetic are quite loose for the U(1) and axion sectors. This means that electric and axionic flux can consistently be portrayed both as electric or magnetic by virtue of the nature of the motion equations. This class of triply dyonic solutions have a quantized flux for both the axion and dilaton fields. Two S-dual solutions stand out in the class, those at the points Θ = 0, π/2. There, the axion flux in both cases implies the quantization of the square of the magnetic charge. In the first case, it is for theF field [defined in (26) ], while in the latter it is for F itself. The homology of spacetime does not predict quantization of the U(1) fluxes so this result is quite ironic. This results from the stringy coupling of the different field sectors. Furthermore, the dilatonic flux, for the same reasons, can be rewritten as a Dirac-like quantization condition. This result is completely unexpected despite the fact that S-duality preserves it.
Alternatively, we might focus on the solutions presented here as an EinsteinMaxwell dilaton-axion configuration. It is known that the only global charges of spacetime will be the Mass and the U(1) charge and what we might call the "dilaton charge" is a combination of these global charges. The Dirac quantization conditions at Θ = 0, π/2 are also a discretization statement about the mass and U(1) charge. Furthermore, in the black hole case (l = 0), a Witten effect is observed [24] . The distinguished solutions lack an axion field and so are absent of a local θ term. Upon an SL(2, R) rotation through an angle Θ, they acquire and axion flux and at the same time a dyonic status in the Maxwell sector.
Let us also note that quantized axion-dilaton gravitational configurations have been previously considered in the literature, see, e.g., [29] . There, charge quantization and duality symmetry are studied for axion-dilaton black holes of zero entropy and zero horizon area. This stable particle-like class has charge quantizations which are not consistent with the full SL(2, R) transformations and is broken into SL(2, Z) or one of its subgroups. The asymptotic values of the scalar field pair are associated to the modular parameter of a complex torus. As a consequence electric/magnetic charge quantization is related to winding numbers. The quantization conditions found for the fluxes are those of Dirac-Schwinger-Zwanziger [13, [25] [26] [27] [28] . Indeed, our results effectively share common features with those of [29] .
